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What is the underdamped Langevin diffusion?

The underdamped Langevin diffusion (ULD) is a model for molecular
dynamics and is given by the stochastic differential equation (SDE):

dXt = Vi df,

dvi = —yvi dt — uVf(x;) dt + /2yu dWs,

(1)

where

e x,v e RY will represent the position and momentum of a particle

e f:RY — Ris a scalar potential that the particle moves around in
® ~ > 0is the friction coefficient

e 1 > 0isthe gradient coefficient (often just settou = 1)

o W= {W;}+>o isastandard d-dimensional Brownian motion
dW; ~ N(0, I4dt)
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Applications of the underdamped Langevin diffusion

“ULD = Newton’s second law + frictional forces + stochastic forces”

de = Vi Clt,
th = =YVt dt — UV]((Xf) dt + o th R
friction gradient of the noise

potential / target

Under mild assumptions on f, the SDE admits a unique strong solution
that is ergodic with stationary distribution (x, v) oc e+ allMI* [1].

In addition to being a fundamental model in statistical mechanics [2],
ULD has recently been applied to sampling problems in data science
as simulating ULD allows one to generate samples from 7 (x) oc e/,

(technically, samples are “close” to « in an optimal transport sense [3])

In practice, (1) cannot be solved exactly, so we must approximate ULD.
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Langevin MCMC as part of a larger ecosystem

Numerical analysis of Our contributions
differential equations

“Runge-Kutta \ Physical systems / Stochastic RK

achieves “ ” . . accelerates Langevin
= |Momentum® (0 & | angevin dynamics)
acceleration

Monte Carlo”

(NeurlPS 2018) ‘/ \ (NeurlPS 2019)

“Sampling can be faster than
optimisation” (2019)

Gradient-based
Optimisation

>

“Is There an Analog of Nesterov

Acceleration for MCMC?” (2019)
“On the Convergence\\ / “Stochastic Gradient

of Adam and Beyond” Langevin Dynamics”
(ICLR 2018) Machine (ICML 2011)

learning
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A high order ODE-based approximation of ULD
One strategy for discretizing the underdamped Langevin diffusion is
@ Replace the Brownian motion W by a piecewise linear path w.
@® Along each piece of W, we approximate the SDE (1) using the ODE:

d%; = Vi dt, )
dVr = —yVrdt — uVf(x;) dt + o dW;, 3)

where o := /2vu.

® In each step, we discretize (2) and (3) using a suitable ODE solver.

Note that we will use the notation Ws ¢ := W; — Ws and VA\/SJ = Wt — WS.
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The stochastic Taylor expansion of ULD

When fis three times differentiable, ULD admits the Taylor expansion:

(=) (o o) (e
)/th,rdf—l-(---)(t—s)2+(...)(t_s)3
s //stdvdr+ [ [ [ einava
///f—s )dW,dvdu + Rs,

where () are terms involving the vector fields and their derivatives.

Theorem (Stochastic Taylor expansion, Theorem 5.5.1 of [10])

IfE[||Vf(xs)||3] < oo, E[||vs||§] < 0o and Vfis Lipschitz continuous for
1
k=1,2,3 then E[||Rs||3]> ~ O((t —s)*).
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The Taylor expansion of the ODE approximation

When fis three times differentiable, (2, 3) admits the Taylor expansion:

?t /)25 /\75 0\ -
</\7t> B (VS> T <_’sz _ UV]C(YS)> (t—s)+ <a> W ¢ (5)

)/IWS,,dr—k(---)(t—s)2+(---)(t—s)3

+ (- //stdVdf+ ///WsdedVdf
/// (r—s dW,dvdquRst,

where ( . ) are the same terms appearing in the expansion (4) of ULD.

We want to construct W to match certain iterated time integrals of W.
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Piecewise linear discretization of Brownian motion

Based on these expansions, we want a piecewise linear path W so that

Ws,t = Ws,t, (6)

t t
/ Wsrdr = / W, dr, (7)
s s

tprr__ t pr
/ / WS,V d\/ df' - / / WS,V dV df. (8)
S S S S

— Brownian path — Brownian path
14 B o 04 o .
— Piecewise linear approximation — Piecewise linear approximation
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Piecewise linear discretization of Brownian motion
To reduce computational cost, we construct w using “vertical pieces”!
Along vertical pieces, dt = 0 so the ODE becomes dX; = 0, dV; = odW;.

1.2 1 —— Brownian path

1 —— Piecewise linear approximation

0.8 -
0.6 -
0.4 -
0.2 -

0 -+
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Generating iterated time integrals of Brownian motion

Let {tn}n>0 be a sequence of times with ty = 0 and t,41 > t,. We define
hn = thy1 — tn,

Wn = th+1 — th,

1 [ t—t,
Hi = /t (Wi —w,) = ann) dt,

1 1 t—tn
= [ (g ) (0w = v

Lemma (Direct consequence of Theorem 2.2 in [11])
The random vectors Wy, Hn, K, are independent and distributed as

1

1
W~ N (0. Iaha),  Ho~ N (0, 55 Lahn), Ko~ N (0,

I hn>.
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Generating iterated time integrals of Brownian motion

1 — Brownian bridge

— Quadratic approximation

0.8
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0.4
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-0.2
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Generating iterated time integrals of Brownian motion

— Bridge minus quadratic

— Cubic approximation
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Generating a piecewise linear approximation of W

It is straightforward to obtain the iterated integrals from (W, Hn, Kn).

Lemma (Iterated integrals and polynomial coefficients of W)

tht+1 1
th,t dt = Ehan + hanh
tn

G Ly Lo 2
ths del’: ghan'i‘ ihan +hnKn.
th th

Definition (Piecewise linear discretization of Brownian motion)

We define W on each [th, th+1] as the piecewise linear path connecting
(tn, an) ) (tl’h Wl'n + HI’I + 6Kn) 9 (tI'H-].a an+1 + Hn - 6Kn)7 (tn+17 Wl'n+1)

in said order.

From the lemma, we can check that W satisfies properties (6), (7), (8).
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An ODE method for underdamped Langevin dynamics

Definition (Shifted ODE method for ULD [12])
We define a numerical solution {(X, va)} by setting (Xo, Vo) := (X0, Vo)
and for each n > 0, defining (Xp41,Vay1) @s

() - () ve-wea )

where {(X{,V{') }tcjo,1) Solves the following Langevin-type ODE,

d (X" v 0
E (Vn> = <_’Y‘/n _ qu(Xn)> hn + (Wn - 12Kn) <0> ) 9)

with initial condition

(jg) = <§:> + (Hn + 6K) <S_> .
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Error analysis of the ODE approximation

Theorem (Convergence of shifted ODE with fixed step sizes [12])

Suppose that the function f : RY — R is m-strongly convex,

) 2 F0) + (0, y = x) + 3mllx =13, (10

and twice continuously differentiable with an M-Lipschitz continuous
gradient VT,

IVFX) = VIW)ll2 < Mllx = yll2, (11)

forallx,y € RY.

Let {(xt,v¢)} and {(Xn, Vp)} be defined from the same Brownian motion,
(X0, Vo) ~ 7 and vy = vo ~ N(0,uly). Then there exists cg,c1 > 0 so that

1%n — Xialli2g@y < o€ ™| %o — Xolliz(e) + 1V Az, (12)
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Error analysis of the ODE approximation

Theorem (Convergence of the shifted ODE method (continued))
where for a random vector X and p > 1, the norm [|X||.»(p) is defined as

1
IXllo ey == E[IIX15] 7,
and the rate of contraction « is given by

(v* = uM) vum
> .

o =

In addition, if V?f is Lipschitz continuous then there exists ¢y > 0 so that
| Xn — Xt |l2py < o€ ”ah||xo — Xolle2p) + ngh2 (13)
If V2f and V3f are Lipschitz continuous then there exists cs > 0 so that

~ _1 ~ 3
||Xn _XTnHLQ(]P’) <cCpe Qnah”XO _X0||L2(IP’) T C3d2 /’23. (14)
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Error analysis of the ODE approximation

Sketch Proof.
Firstly, we use a change of variable to rewrite the ODE approximation as
X XN
< n+1> — (AZH) + 12K, <0> :
(o2

Vn+1 th+1

solves the following Langevin-type ODE,

W, — 12K, <o>

d (X" V" + o (Hp + 6Kn) -
dt \ V")~ \ =y (V" + o(Hn + 6Kn)) —uVi(x") ) " g o

where {(?;779\?) }te[tn,tn+1]

with initial condition (X2, V) := (Xn, V).

This will help us establish local error estimates at times within [tn, th+1].
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Error analysis of the ODE approximation

(xo ’ VO)

(iO ’ ]70)

(University of Bath)

(xtn+1 ’ th+1)

I Local error

(*n+1,Vne1)

1

2-Wasserstein
contraction

. Te—---

o (fn+1 rﬁn+1)

—e— Underdamped Langevin diffusion
--4-- Shifted ODE approximation

--m-- Same ODE, different initial values
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Error analysis of the ODE approximation

Sketch Proof. (Global bounds on the diffusion process)

® Since (xo, Vo) ~ ™ we have (x:,v¢) ~ w forallt > 0. In particular,

ve ~ N (0, uly), (15)

and
E[IVi(x:)I3] < Md, (16)
E[|V(x)ll3] < 3Md?, (17)

forallt > 0 (see Lemma 2 in [13] and Theorem C.11 in [12]).

* Since we start the ODE approximation from (x,, v, ), we can use
the above to estimate errors without imposing boundedness on V7.

® \We note that the strong convexity assumption is not required here.
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Error analysis of the ODE approximation

Sketch Proof. (Crude local error estimates)

e \We also define
x! XN 0
(V’f“) = (ﬁ“) + 12K, (0,)
n+1 fn+1

is the solution to the Langevin-type ODE

where {(?P,W) }te[tn,tn+ﬂ

used previously, but with initial condition (X!, V') := (Xt,, vt,)-
e Using just the Lipschitz regularity of Vf, we can obtain the estimates
e = 3F o) < Ca(p)VA (ha)? (t = tn), (18)
lve =V lleey < Calp)VA (t — ta)?, (19)

forp € {2,4,8} and t € [tn, tht1].
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Error analysis of the ODE approximation

Sketch Proof. (Local error estimates)

* Now that we have LP(IP) bounds for the SDE and ODE solutions,
we can Taylor expand { (x7, vf)}te[tn ., @Nd {(xt,v)
and estimate the remainder terms.

}Z‘E[tn,l‘n+1]

e Using the Lipschitz regularity of Vf, we can show, for p € {2,4, 8},

[SIEN

Xtas2 — Xpg1lloey < C3(p)Vd (hn)2, (20)
Vines = Viga o) < Ca(p)Vd (hn)?2.

(Sl

(21)
e In addition, from the Lipschitz regularity of Vfand V2f, we have
Hvl‘n+1 - V/g—i-l”LZ(IP) < C5d(hn)%- (22)

e Again, we note that the strong convexity of f is not required here.
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Error analysis of the ODE approximation

Theorem (Exponential contractivity of the ODE approximation)

Suppose thatf is m-strongly convex and Vf is M-Lipschitz continuous.
Let X € [0, 3 57) and define n := v — X. Then forn > 0, we have

“ ( AXn1 4 Vnga) — (AXoyy + mn)

77Xn+1 +Vn+1) - (77Xf§+1 + VrIH—l)

2

‘ ((/\}n +Vn) — (Mg, + vfn)>

(nXn +Va) — (nXt, + v4,)

< e—ahn

2
almost surely, where

(n? — uM) v (um — \?)
v =2

o =

Proof

Follows by essentially the same argument applied to ULD in [14]. O
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Convergence in the 2-Wasserstein metric

Numerical Assumptions on the | Number of steps to achieve
method strongly convex f an error of Wa(Xp, e*f) <e
Shifted ODE Lipschitz gradient O(%/eg)
[12] + Lipschitz V2f O(d Je?)
+ Lipschitz V3f O(\/a/s%)
OBABO splitting | Lipschitz gradient O(Vd/e)
(15, 16] + Lipschitz V2f O(Vd/\z)
Randomized Lipschitz gradient O(Vd/e?)
midpoint [17, 18]
Left-point Lipschitz gradient O(Vd/e)
method [3]
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Discretization of the shifted ODE (SORT method)
Definition (Shifted ODE with Runge-Kutta Three)

VEY = Vo + o (Hn + 6Kp),

1 1
1-— e"”h" e_ﬂh” + Iah, —1
XD 1= X, + ( )\/é” - < el >qu(Xn)

1— e e 4y, — 1
Xog1 =X + <> v + a< il ) (Wy — 12K,)
1
3

e~ 4 ~hy — 1
_ "

> (Wh — 12K,) — o (Hp — 6Kp)

UVi(Xy) + gqu(xS’)) ,

1 2 1
— uhy (6 e—vhnvf(xn) + ge—%vhnvf(xrgl)) + GVf(Xn+1)) :
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A second order SDE approximation of ULD

1. Evaluate Vf at X,

2. Compute Xj,11 by solving the following SDE on [t , th41]:

dXt =Vt df,
th = —)\Vt dt — UVf(Xn)df + UdWZ',

with initial value (Xy, V). Computing V41 gives the left-point method.
3. Evaluate Vfat X1

4. Compute V41 by solving the following SDE on [t,, thy1]:

t—1tn

2 ((Xnn) = f(X0)) )t + oW,

dvi = —A\vidt — u(Vf(Xn) +—
n

with initial value V,.
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A second order SDE approximation of ULD

Definition (ULD discretized by linearly interpolating gradients)

Xnp1 := Xn + <1_i’mn) Vi — (e'yh” j:,;/hn — l)qu(Xn)

o gt
+0/ /e_WU_S)dWSdt,
tn Jt

1 — (1 +yhp)ehn
Vnt1 = ey, — ( ( ’y;;l S )qu(Xn)
n

e~ 4 yh, — 1
— < 722;1 n )UVf(Xn+]_)

tn
+0/ +1e_”’(l‘”“_t)th.
th

Although we only expect a O(h?) convergence rate, this method has the
advantage that it only uses one additional gradient evaluation per step.
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Numerical experiment (logistic regression)

e The datasetis m pairs of labels y; € {—1,1} and features x; € R4,

e Target density 7(6) x exp(—f(#)) comes from a logistic regression:

4]

m
f(0) = 5H9H% + [z;log (1+exp(—yx0)),

where ¢ is a regularization parameter which we will set to § = 0.1.

e German credit data from UCI repository [19] (m = 1000, d = 49).

e Estimate L?(P) error by simulating chains with step sizes h and $h:

1<, =, —lp
Snn = \/nz “9/\//7,1_ 9/\/2,1 H; )
=1

where we use a fixed time horizon T = 1000 with step size h = %
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Numerical experiment (logistic regression)

7 -
=2.99x - 2.00
+ SORT method ¥ X
6 1 ¢ Interpolating between gradients
5 1 4 Randomized midpoint
y=2.02x-1.46
4 OBABO splitting -
. e~
— 3 Left-point method e . y=153x-1.29
z ) -7 am - )
A L[4 OIS A y =1.03x-0.50
= 2 A F e L B 4+ y=131x-1.85
O‘B‘ ......... et
o 14 e
! .
o1 e +
L B
2 fomo® Fron
'3 ! T T T T T 1
0 0.5 1 1.5 2 25 3

- log,, (step size)

Figure: Sy, computed with n = 100 sample paths using a fixed step size.
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Conclusion

e Shifted ODE method
— First to achieve third order convergence without derivatives of Vf
— Scales sublinearly with the dimension d
— Allows one to use modern ODE solvers
— No problem with adaptive step sizes

e SORT method (Shifted ODE with Runga-Kutta Three)
— Practical (two additional gradient evaluations per step)
— Can empirically demonstrate third order convergence
— Difficult to analyse!

e Interpolating between gradients
— Very practical (one additional gradient evaluation per step)
— Should be possible to establish second order convergence
— Natural candidate for noisy gradients
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Thank you
for your attention!

and our preprint can be found at:

J. Foster, T. Lyons and H. Oberhauser, The shifted ODE method for
underdamped Langevin MCMC, arxiv.org/abs/2101.03446, 2021.
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